Lifting of morphisms to quotient presentations by Berchtold, Florian
ar
X
iv
:m
at
h/
02
09
40
6v
1 
 [m
ath
.A
G]
  3
0 S
ep
 20
02
LIFTING OF MORPHISMS TO QUOTIENT PRESENTATIONS
FLORIAN BERCHTOLD
Abstract. In this article we investigate algebraic morphisms between toric
varieties. Given presentations of toric varieties as quotients we are interested in
the question when a morphism admits a lifting to these quotient presentations.
We show that this can be completely answered in terms of invariant divisors.
As an application we prove that two toric varieties, which are isomorphic
as abstract algebraic varieties, are even isomorphic as toric varieties. This
generalizes a well-known result of Demushkin on affine toric varieties.
Introduction
By definition, a toric variety is a normal algebraic variety X together with an
effective action of an algebraic torus T which imbeds equivariantly as a dense open
subset in X . Generalising projective spaces toric varieties admit presentations as
quotients of quasi-affine toric varieties. There are different possibilities for such
presentations, see [Co-1], [Br-Ve] and [Ka], for example. A systematic treatment of
all possible quotient presentations is given in [AHS].
It is a classical fact that in the case of projective space each morphism admits
a lifting to the affine spaces above. We generalize this result to smooth toric vari-
eties. For singular toric varieties we give a necessary and sufficient criterion when
a morphism admits a lifting.
The main result (Theorem 2.3) is a classification of all possible liftings of a given
morphism for fixed quotient presentations in terms of homomorphisms defined on
the groups of invariant divisors. As an application we prove
Theorem. Let X and X ′ be toric varieties which are isomorphic as abstract alge-
braic varieties. Then they are also isomorphic in the category of toric varieties.
For smooth complete toric varieties this is an immediate consequence from the
fact that in this case the automorphism group is linear algebraic with maximal
torus T (compare Demazure [Dem]) and in such a group any two maximal tori are
conjugate according to Borel’s theorem ([Bo]). For affine toric varieties the proof
is much harder and is due to Demushkin [De] and Gubeladze [Gu]. Our approach
is completely different and works for arbitrary toric varieties. The main idea is to
replace functions on the varieties in question by the more general notion of Weil
divisors (a similar idea can be found in [Fi]).
This article is divided into four sections. In the first section we mention some
basic facts concerning quotient presentations of toric varieties. In the second section
we present the main theorem and some immediate consequences. The proof of this
theorem will be given in the third section. Finally in the fourth section we prove
the toric isomorphism theorem.
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1. Quotient Presentations
Let K be an algebraically closed field. We consider non-degenerate toric vari-
eties over K. A toric variety X is called non-degenerate, if X does not admit an
equivariant decomposition X ∼= X1 × K∗, where X1 is a toric variety of dimension
dimX − 1. Observe that a variety X is non degenerate if and only if for the ring
of invertible regular functions O(X)∗ = K∗ holds. We often identify the torus
T ∼= (K∗)
dimX with the unique open dense orbit in X .
Any toric variety admits a presentation as a quotient of a quasiaffine variety by
the action of a diagonalisable group. We briefly recall some basic facts concerning
this approach (cf. [Co-1], [Ka], [AHS]). Let a surjective toric morphism q : X̂ → X
be given. The strict transform of the group of Weil divisors DivW (X) is defined by
the composition
q♯ : DivW (X) = DivC(Xreg)
q∗
−→ DivC(q
−1Xreg) ⊂ DivW (X̂),
where DivC(X) denotes the subgroup of Cartier divisors and Xreg is the set of
regular points of X .
Definition 1.1. A surjective toric morphism q : X̂ → X is called a quotient pre-
sentation of X , if the following conditions are fulfilled:
(i) X̂ is a quasi-affine toric variety,
(ii) the restriction of the strict transform q♯ to the group DivTW (X) of in-
variant Weil divisors is bijective.
We now give a general construction to obtain all quotient presentations for a
given non-degenerate toric variety X . Let M := Hom(T,K∗) denote the character
group of the torus T. Since X is non-degenerate,M injects into the group DivTW (X)
of torus-invariantWeil divisors ofX (cf. [Ful], [Od]). More precisely, it is isomorphic
to the subgroup of invariant principal divisors PDivT(X).
Let M̂ be a subgroup of DivTW (X) containing M , i.e. M ⊂ M̂ ⊂ Div
T
W (X).
Assume further that M̂ has enough divisors: that is, for each maximal T-stable
affine chart U ⊂ X there is an effective divisor D ∈ M̂ such that X \ U = |D| (cf.
[Ka], [AHS]). Here |D| denotes the support of the divisor D.
The idea to construct a quotient presentation is to make all divisors in M̂ prin-
cipal. For that purpose let S(M̂) denote the algebra K[M̂≥0] associated to the
semigroup M̂≥0 of effective invariant Weil divisors of M̂ and denote by T
D the
element of S(M̂) corresponding to the divisor D ∈ M̂≥0. The finitely generated
algebra S(M̂) defines an affine toric variety Spec(S(M̂)) =: Û . Then we can view
TD as a regular function on Û . By V (Û ;TD1 , . . . , TDr) we denote the common
zero set of the functions TDi on Û . Set
X̂ := Û \ Z(M̂), where Z(M̂) :=
⋃
|D1|∩···∩|Dr|=∅
V (Û ;TD1 , . . . , TDr)).
Obviously, the so-called exceptional set Z(M̂) has codimension at least two in Û .
Define the action of H := Hom(M̂/M,K∗) by
H × S → S, (h, TD) 7→ h · TD := (h(D))−1TD,
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where D denotes the class of D in M̂/M . This action admits a good quotient
q : X̂ → X ([AHS], Proposition 3.2), that is an H-invariant, affine mapping such
that q∗(OX̂)
H = OX holds.
Furthermore, any quotient presentation arises in that way:
Theorem 1.2. ([AHS], Theorem 2.2) Any subgroup M̂ of DivTW (X) containing
M with enough divisors defines a quotient presentation of X. Conversely, given
any non-degenerate quotient presentations of X, there is a unique subgroup M̂ of
DivTW (X) containing M with enough divisors defining this presentation.
Example 1.3. Let X be a toric variety.
(i) (Cox’s construction) The construction X˜ given in [Co-1] corresponds to
M̂ = DivTW (X), the group of all invariant Weil divisors. In this situation,
the affine hull of X˜ is the affine space Kdim X˜ .
(ii) (Kajiwara’s construction) Assume that the group DivTC(X) of all invari-
ant Cartier divisors has enough divisors. Then, for M̂ = DivTC(X) one
obtains the quotient presentation X̂K due to Kajiwara ([Ka]).
From Theorem 1.2 it follows, that Cox’s construction X˜ of the last example is
universal:
Corollary 1.4. ([AHS], Example 2.3) Let q : X̂ → X be any quotient presentation
of X. Then the quotient presentation π : X˜ → X of Cox admits a unique factorisa-
tion π = q ◦ π1, where π1 : X˜ → X̂ is a quotient presentation of X̂. In particular,
applying Cox’s construction to X̂ one obtains X˜.
2. Lifting of Morphisms
Let f : X ′ → X be a morphism between non-degenerate toric varieties and let
q′ : X̂ ′ → X ′ and q : X̂ → X be fixed quotient presentations. Let M̂ ′ and M̂
denote the groups of Weil divisors introduced in the last section corresponding to
the quotient presentations q′ and q, respectively. In this section we answer the
question, when there exists a morphism F̂ : X̂ ′ → X̂ making the following diagram
commutative:
(1) X̂ ′
F̂ //
q′

X̂
q

X ′
f
// X
In the case of projective space it is well known that the answer to this question
is always positive. Moreover each lifting is given by homogeneous polynomials of
the same degree. In our framework this translates to the concept of equivariant
morphisms: The groups H ′ := Hom(M̂ ′/M ′,K∗) and H := Hom(M̂/M,K∗) act
on X̂ ′ and on X̂, respectively. A morphism F : X̂ ′ → X̂ is called equivariant with
respect to the actions of H ′ and H , if there is a homomorphism of algebraic groups
ψ : H ′ → H such that F (h′z) = ψ(h′)F (z) holds.
For any lifting F̂1 of f and any h ∈ H the morphism F̂2 := hF̂1 is also a lifting.
In the case of projective space any two liftings of a given morphism differ only by
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such a constant. We shall call two liftings F̂1 and F̂2 equivalent, if there is an h ∈ H
such that F̂1 = hF̂2 holds.
It turns out that the existence of liftings is related to the existence of certain
pullbacks of Weil divisors:
Definition 2.1. Let f : X ′ → X be a morphism. A homomorphism of groups
ϕ : M̂ → DivW (X
′) which extends the pullback of Cartier divisors is called a geo-
metric pullback of M̂ with respect to f , if it fulfils the following two properties:
(i) ϕ(M̂≥0) ⊂ DivW (X ′)≥0,
(ii) f(|ϕ(D)|) ⊂ |D|.
Remark 2.2. Let f : X ′ → X be a morphism with the property
codimX′f
−1(Xsing) ≥ 2.
Then the strict transform f ♯ of Weil divisors is well defined and defines the unique
geometric pullback with respect to f .
Theorem 2.3. Let X and X ′ be non-degenerate toric varieties, and let f : X ′ → X
be a morphism with f(X ′) ∩ T 6= ∅. Let q : X̂ → X and q′ : X̂ ′ → X ′ be quotient
presentations, corresponding to the subgroups M̂ and M̂ ′. Then the equivalence
classes of equivariant liftings F̂ : X̂ ′ → X̂ stay in a one-to-one correspondence with
the geometric pullbacks of M̂ , the images of which are contained in M̂ ′+PDiv(X ′).
Before we give the proof of this result in the following section we firstly present
some corollaries, generalising results obtained by Cox [Co-2] and Kajiwara [Ka].
Corollary 2.4. Let f : X ′ → X be a morphism with f(X ′) ∩ T 6= ∅.
(i) f can be lifted to an equivariant morphism X˜ ′ → X˜, if and only if there
exists a geometric pullback of DivTW (X) with respect to f .
(ii) If DivTC has enough divisors, then f admits a unique equivalence class
of equivariant liftings X˜ ′ → X̂K . If additionally DivT
′
C (X
′) has enough
divisors, then there is even a lifting X̂ ′
K
→ X̂K .
Using Remark 2.2 we immediately obtain
Corollary 2.5. Let X̂ → X be a quotient presentation of X ′, and let f : X ′ → X
be a morphism with f(X ′)∩T 6= ∅. If codimX′f−1(Xsing) ≥ 2, then f has a unique
equivalence class of equivariant liftings X˜ ′ → X̂. In particular, if X is smooth,
then there is precisely one equivalence class of equivariant liftings X˜ ′ → X̂ of any
f .
In the theory of toric varieties simplicial or Q-factorial toric varieties play a
special role. In this case it is easy to check whether a given pullback is geometric:
Remark 2.6. Let X be a simplicial toric variety, M̂ a subgroup of DivTW (X), and
f : X ′ → X a morphism. A homomorphism of groups ϕ : M̂ → DivW (X ′) is a
geometric pullback, if and only if it extends the usual pullback of Cartier divisors.
In other words, the conditions (i) and (ii) in 2.1 are automatically fulfilled.
In particular our results show that liftings do not always exist:
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Example 2.7. Let X be the zero set of the function z23 − z1z2 in K
3 together with
the torus embedding
(K∗)2 → X ; (t1, t2) 7→ (t
2
1/t2, t2, t1).
Consider the blow up f : X ′ → X of the origin in X . There is no lifting X˜ ′ → X˜
of f to the constructions of Cox.
Proof. The z1-axis which is contained in X defines a torus-invariant prime divisor
D1 in X . This is no principal divisor, but 2D1 is. Now, f
∗(2D1) = 2D
′
1 + E,
where E denotes the exceptional divisor and D′1 is the preimage of D1 outside of
the origin. From this equation, it is easy to see that the pullback f∗ of Cartier
divisors does not admit an extension to the group of invariant Weil divisors. By
Corollary 2.4, a lifting cannot exist. 
3. The Proof of Theorem 2.3
In this section we present the proof of Theorem 2.3. Firstly we show the easier
part, namly how a lifting defines a geometric pullback. For that purpose assume
that F̂ : X̂ ′ → X̂ is an equivariant lifting of f : X ′ → X . Denote the acting groups
on X̂ and X̂ ′ by H and H ′, respectively.
For a divisor D ∈ M̂ the rational function TD is mapped by F̂ ∗ to an H ′-
homogeneous rational function r, say of degree D′ for some D′ ∈ M̂ ′, because F̂ is
equivariant. Then the rational function r/TD
′
is H ′-invariant. Since q′ : X̂ ′ → X ′
is a good quotient, we conclude r/TD
′
= q′
∗
(s) for some rational function s on X ′.
Hence, we obtain that r is of the form
(2) r = TD
′
q′
∗
(s), D′ ∈ M̂ ′, s ∈ R(X ′)
Hence, defining ϕ : M̂ → M̂ ′ + PDiv(X ′) by D 7→ D′ + div(s), we obtain a homo-
morphism of groups. Moreover we have
Lemma 3.1. The map ϕ is a geometric pullback.
Proof. Observe that for the pullback of Cartier divisors we have F̂ ∗q∗ = q′
∗
f∗,
because F̂ is a lifting. But by the definition of ϕ we also have F̂ ∗q∗ = q′
∗
ϕ. As q′
∗
is injective, we conclude that ϕ extends the pullback of Cartier divisors
To show the first property of Definition 2.1, let D ∈ M̂ be effective. Then the
functions TD and F̂ ∗(TD) are regular. But then ϕ(D) has to be an effective divisor,
too.
The second property follows from
|ϕ(D)| = q′(|q′
♯
ϕ(D)|) = q′(|F̂ ∗q♯(D)|)
⊂ q′F̂−1q−1(|D|) = q′q′
−1
f−1(|D|) = f−1(|D|),
where the first equality holds, because good quotients map closed saturated sets
onto closed sets. 
Thus we are left to show that a geometric pullback induces a lifting of f . The
main step of this part of the proof will be the construction of a lifting F : X˜ ′ → X̂,
where π′ : X˜ ′ → X ′ again denotes Cox’s construction. From this we can easily
deduce the existence of a lifting F̂ : X̂ ′ → X̂.
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Given a morphism f : X ′ → X and a geometric pullback ϕ : M̂ → M̂ ′+PDiv(X ′)
with respect to f , we shall construct the lifting in such a way that for each D ∈ M̂
we have
divF ∗(TD) = π′
♯
ϕ(D).
From this it will be clear that both constructions are inverse to each other.
Let B1, . . . , Br be a basis of M̂ . Consider the divisors π
′♯ϕ(Bj) in X˜ ′ for 1 ≤
j ≤ r and recall that the codimension of the exceptional set Z(DivTW (X
′)) in the
affine hull Kk
′
= Spec(S(DivTW (X
′))) of X˜ ′ is at least two. Therefore for each j
the divisor π′
♯
ϕ(Bj) extends uniquely to a divisor of K
k′ . Hence it is given by a
rational function rj , which is unique up to a constant. We now define for each
t ∈ (K∗)r a homomorphism of the algebras of rational functions
(3) F ∗t : R(X̂)→R(X˜
′) by TDj 7→ tjrj .
Lemma 3.2. The homomorphism F ∗t has the following properties:
(i) F ∗t (S(M̂)) ⊂ O(K
k′) = K[T ′1, . . . , T
′
k′ ],
(ii) For any D ∈ M̂ there is an invariant divisor D′ ∈ M̂ ′ and a rational
function s on X ′ such that F ∗t (T
D) = TD
′
(s ◦ π′) holds.
Proof. (i) If TD is in S(M̂), then D is by definiton an effective divisor. Thus from
property (i) of Definition 2.1 we see that ϕ(D) is effective. But then π′
♯
ϕ(D) is
effective, too. Therefore the rational function rD = F
∗
t (T
D) is even a regular one
as proposed.
(ii) Since ϕ(M̂) ⊂ M̂ ′ +PDiv(X ′), there is a representation ϕ(D) = D′ +div(s)
for an invariant divisor D′ ∈ M̂ ′ and a rational function s. By definition of F ∗t and
linearity we have:
div(F ∗t (T
D)) = π′
♯
ϕ(D) = π′
♯
(D′ + div(s)) = div(TD
′
) + div(s ◦ π′).
Thus after replacing s by a suitable multiple we obtain the desired result. 
From this Lemma we see that F ∗t defines a morphism K
k′ → Û = Spec(S(M̂)).
By restriction we obtain a morphism Ft : X˜ ′ → Û .
Lemma 3.3. The morphism Ft has the following properties:
(i) Ft(X˜ ′) ⊂ X̂.
(ii) The pullback ϕ induces a homomorphism
ψ : G := Hom(ClDiv(X ′),K∗)→ Hom(M̂/M,K∗) =: H,
such that Ft is equivariant with respect to ψ.
Proof. (i) Assume the contrary, that is there is a y ∈ X˜ ′ which is mapped into
Z(M̂). Thus there are divisors D1, . . . , Dr ∈ M̂ with an empty intersection, such
that all functions TDi vanish at Ft(y). This implies rDi(y) = 0, i.e. y ∈ | div(rDi)|,
for all i. But by construction, div(rDi ) = π
′♯ϕ(Di). Hence, from property (ii) in
Definition 2.1 we obtain f(π′(y)) ∈ |Di| for all i. But this contradicts the fact that
the divisors D1, . . . , Dr have an empty intersection.
(ii) As ϕ : M̂ → DivW (X ′) is an extension of the pullback of Cartier divi-
sors, it obviously maps M into PDiv(X ′). Therefore it induces a homomorphism
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[ϕ] : M̂/M → ClDiv(X ′), which in turn induces the dual homomorphism ψ. By
Lemma 3.2(ii) the comorphism F ∗t maps T
D to the rational function TD
′
(s ◦ π′),
where [D′] = [ϕ](D). For a g ∈ G this yields
g · F ∗t (T
D) = g · TD
′
(s ◦ π′) =
(
g([ϕ](D)
)−1
F ∗t (T
D)
=
(
ψ(g)(D)
)−1
F ∗t (T
D) = F ∗t (ψ(g) · T
D).
Translating this into terms of the morphism Ft gives that Ft is in fact equivariant
with respect to ψ. 
We now finally show that for a suitable choice of t the map Ft is indeed a lifting
of f . Firstly, by Lemma 3.3(i), Ft defines a morphism X˜ ′ → X̂. Secondly, as Ft is
equivariant, it induces a morphism X ′ → X . Therefore it remains to show that this
induced morphism coincides with f . For that purpose set V := π′−1f−1(T) and
consider the restriction f ◦ π′|V : V → T. Since f(X ′) ∩ T 6= ∅ it suffices to show
that this restriction coincides with the corresponding restriction of q ◦ Ft. Thus it
is enough to show that the following diagram of algebras of rational functions is
commutative:
(4) R(X˜ ′) R(X̂)
F∗too
R(X ′)
π′∗
OO
O(T) = K[M ].
f∗
oo
q∗
OO
Lemma 3.4. There is a t ∈ (K∗)r such that the diagram (4) is commutative.
Moreover, two such t′s differ only by an element of H.
Proof. Let m1, . . . ,mn denote a basis of M . Since M ⊂ M̂ each such mi can
be considered as an element of M̂ . More precisely, using the basis B1, . . . , Br
introduced above, there is a representation
divχmi =
r∑
j=1
aijBj .
An easy calculation shows that the map q restricted to the torus of X̂ is nothing
but the map
(5) (K∗)
r → (K∗)n, t 7→
( r∏
j=1
t
a1j
j , . . . ,
r∏
j=1
t
anj
j
)
.
As q∗ is the dual map of q we explicitely can calculate F ∗t q
∗(χmi) and obtain
(6) F ∗t q
∗(χmi) = F ∗t
( r∏
j=1
(TBj )
aij
)
=
r∏
j=1
(tjrj)
aij =
r∏
j=1
t
aij
j F
∗
1
q∗(χmi),
where 1 := (1, . . . , 1) ∈ (K∗)r. On the other hand, for 1 ≤ i ≤ n by the definition
of F ∗t we obtain
(7) div(π′
∗
f∗(χmi)) = π′
∗
ϕ(div(χmi)) = F ∗t q
∗(div(χmi)) = div(F ∗t q
∗(χmi)).
For t = 1 this yields that the two functions π′
∗
f∗(χmi) and F ∗
1
q∗(χmi) differ only
by a constant, say λi. Thus, equation (6) tells us that, for t ∈ (K
∗)
r
, (4) is
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commutative, if and only if λi =
∏r
j=1 t
aij
j for all i. Comparing this with (5) this
means that there is a t ∈ (K∗)r such that q(t) = (λ1, . . . , λn). But q is the quotient
map, which is geometric over the torus of X ; therefore q|(K∗)r is surjective with
kernel H . Hence the claim of the Lemma follows. 
We now finally give the proof of Theorem 2.3.
Proof of Theorem 2.3. We have already seen that liftings induce geometric pull-
backs. Thus it remains to show how to assign a lifting to a geometric pullback.
Let ϕ : M̂ → DivW (X ′) be a geometric pullback with respect to f such that
ϕ(M̂) ⊂ M̂ ′+PDiv(X ′) holds. Define Ft as in (3) and choose according to Lemma
3.4 a t ∈ (K∗)r such that for F := Ft the diagram (4) is commutative. Then the
equation q ◦ F = f ◦ π′ holds on V = π′−1f−1(T), and for continuity reasons also
on V . But, since f(X ′) ∩ T 6= ∅, the set V is a non-empty open set in X˜ ′; thus
V = X˜ ′, and F is indeed a lifting of f . Moreover, Lemma 3.3(ii) yields that F is
equivariant with respect to ψ. Lemma 3.4 tells us that this equivariant lifting is
unique up to an h ∈ H . Thus we have defined precisely one equivalence class of
equivariant liftings X˜ ′ → X̂.
From Corollary 1.4 we know that π′ : X˜ ′ → X factors through q′ : X̂ ′ → X ′ and
π′1 : X˜
′ → X̂ ′. Here π′1 is a quotient presentation with respect to the canonical
operation of the group G1 := Hom(Div
T
′
W (X
′)/M̂ ′,K∗) given by
G1 ×O(X˜ ′)→ O(X˜ ′), (g, T
E) 7→ g(E)−1TE,
where E denotes the class of E in DivT
′
W (X
′)/M̂ ′. Lemma 3.2(ii) gives that the
functions rj are of the form T
D′j(sj ◦ π′) for certain rational functions sj on X ′
and some divisors D′j in M̂
′. In particular, D′j = 0 in Div
T
′
W (X
′)/M̂ ′. Thus, all
functions rj are invariant under the action of G1 and therefore F is G1-invariant.
Hence, F induces a morphism F̂ with F̂ ◦π′1 = F . From the resulting commutative
diagram
X˜ ′
F
''OO
OO
OO
OO
OO
OO
OO
O
π′
1   @
@@
@@
@@
π′

X̂ ′
F̂
//
q′
~~}}
}}
}}
}}
X̂
q

X ′
f // X
it follows that F̂ is indeed the desired lifting. The equivariance of F̂ follows from
the fact that G1 is contained in the kernel of the group homomorphism ψ defined
in Lemma 3.3(ii). 
4. Application to the case of Isomorphisms
Recall that a morphism X ′ → X between toric varieties is called toric if its
restriction to the embedded tori induces a homomorphism of algebraic groups. In
this section we prove
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Theorem 4.1. If two (not necessarily non-degenerate) toric varieties are isomor-
phic as algebraic varieties, then they are also isomorphic as toric varieties.
Assume firstly that X and X ′ are non-degenerate toric varieties. Let π′ : X˜ ′ →
X ′ and π : X˜ → X denote the Cox’s constructions of X ′ and X . The acting groups
are denoted by G′ and G, respectively. Then there is a nice characterisations of
isomorphisms in terms of liftings.
Lemma 4.2. Let f : X ′ → X be a morphism, and assume that F : X˜ ′ → X˜ is a lift-
ing of f which is equivariant with respect to ψ : G′ → G. Then f is an isomorphism
if and only if F and ψ are isomorphisms.
Proof. “only if:” If f is an isomorphism, then there exists a unique geometric
pullback ϕ with respect to f (cf. Remark 2.2). Since ϕ is the strict transform of
Weil divisors it is easy to see that ϕ is an isomorphism. Obviously, the induced
map of divisor classes [ϕ] : ClDiv(X ′)→ ClDiv(X) is also an isomorphism. Hence
ψ which is the dual map to [ϕ] has to be an isomorphism, too. To show that F
is also an isomorphism, let F ′ denote a lifting of f−1, which exists according to
Corollary 2.5. Then we have
πFF ′ = fπ′F ′ = ff−1π = π,
whence FF ′ is a lifting of the identity on X . But the identity admits upto equiva-
lence a unique lifting, thus FF ′ differs only by a constant from the identity on X˜.
Therefore F has a right inverse. By interchanging the roles of F and F ′ we obtain
that F also has a left inverse and we are done.
“if:” From the assumption that F and ψ are isomorphisms, it follows immedi-
ately that F−1 is equivariant with respect to ψ−1. Thus F−1 defines a morphism
f ′ : X → X ′. Similarly as above
f ′fπ′ = f ′πF = π′F−1F = π′.
As π′ is surjective this yields f ′f = idX′ . In the same way one proves ff
′ = idX
which establishes the assertion. 
Using the results obtained so far we are able to give a short proof of Theorem
4.1.
Proof of Theorem 4.1. According to Lemma 4.3 below we can assume that X and
X ′ are non-degenerate toric varieties. Let f : X ′ → X be an isomorphism. Due to
Corollary 2.5 there is a lifting F : X˜ ′ → X˜ , which is equivariant with respect to
some homomorphism ψ of algebraic groups. From Lemma 4.2 we know that F and
ψ are isomorphisms.
As the codimensions of the exceptional sets Z and Z ′ in the affine spaces Kk and
Kk
′
, respectively, are at least two, F extends to an isomorphism F : Kk
′
→ Kk. In
particular, k = k′. Since F is an isomorphism, the jacobian JF (0) = det
(
∂F
∂z
(0)
)
cannot equal zero. Hence, there is a permutation p ∈ Perm{1, . . . , k} such that in
each polynomial Fj := prj ◦ F the monomial zp(j) occurs.
Obviously, F induces an isomorphism of the exceptional sets Z ′ and Z. In
particular, it maps each irreducible component of Z ′ onto an irreducible component
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of Z. Recall that an irreducible component of Z ′ is of the form
Z ′(i1, . . . , ir) = V (K
k; z′i1 , . . . , z
′
ir
) =
r⋂
ν=1
{z′iν = 0}
where r is minimal such that the corresponding divisors Dil , l = 1, . . . , r, have an
empty intersection.
We claim: If F (Z ′(i1, . . . , ir)) = Z(j1, . . . , js), then r = s and p({j1, . . . , js}) =
{i1, . . . , ir}.
Proof: Since dimZ ′(i1, . . . , ir) = k−r and dimZ(j1, . . . , js) = k−s it is obvious
that r = s.
Assume now that there exists a j∗ ∈ {j1, . . . , js} with p(j∗) /∈ {i1, . . . , is}. Then for
the set W :=
⋂
i6=p(j∗)
{z′i = 0} the inclusion W ⊂ Z
′(i1, . . . , is) holds. Applying F
yields
F (W ) ⊂ F (Z ′(i1, . . . , is)) = Z(j1, . . . , js) =
s⋂
µ=1
{zjµ = 0},
in particular this means Fj∗(W ) = 0. But as observed above the polynom Fj∗ is of
the form Fj∗(z) = a0+a1zp(j∗)+R(z), where zp(j∗) does not occur as a monomial in
R(z). Thus Fj∗ |W is a non-constant polynomial in zp(j∗) contrary to Fj∗(W ) = 0.
Set Fp(z1, . . . , zk) := (zp(1), . . . , zp(k)). The last claim yields that Fp induces a
morphism Fp : X˜ ′ → X˜. Moreover, since F is equivariant with respect to ψ, all
Fj are homogeneous polynomials in the grading defined by the action of G
′. As
zp(j) occurs in Fj , the degree of zp(j) with respect to this grading coincides with
the degree of Fj . But this implies that Fp is also equivariant with respect to ψ.
Thus Fp defines a morphism fp : X
′ → X . Using Lemma 4.2 the fact that both
Fp and ψ are isomorphisms yields that fp also is an isomorphism. Moreover, it is
evident, that Fp is a toric morphism. Since π
′ and π′ are even toric quotients, this
eventually shows that fp is a toric isomorphism from X
′ onto X . 
We are left to show the corresponding statement for degenerate toric varieties.
But for that purpose it suffices to prove the following cancellation statement:
Lemma 4.3. Let X ′ and X be non-degenerate toric varieties, and assume that
there is an isomorphism f : X ′ × (K∗)r
′
→ X × (K∗)r. Then we have r = r′ and
X ∼= X ′ as algebraic varieties.
Proof. For u ∈ X ′, consider the morphism
hu : (K
∗)
r′ ∼= {u} × (K∗)
r′ →֒ X ′ × (K∗)r
′ f
−→ X × (K∗)r
pr
2−→ (K∗)r.
On the other hand, a fixed t ∈ (K∗)r determines a morphism
gt : X
′ ∼= X ′ × {t} →֒ X ′ × (K∗)
r f−→ X × (K∗)r
pr
2−→ (K∗)r.
As X ′ is non-degenerate, it is easy to see that the morphism gt has to be constant.
But this yields
hu(t) = gt(u) = gt(v) = hv(t),
that is, hu = hv for all u, v ∈ X ′. In particular, each hu is surjective (since f
is surjective). This implies r′ ≥ r. Analogously, by considering f−1, one obtains
r ≥ r′, whence r = r′ and dimX = dimX ′ holds. By multiplying hu with a
constant we can assume that hu is already a group morphism. As a surjective
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homomorphism of algebraic tori of equal dimension, hu has finite kernel, that is,
the unit element 1 ∈ (K∗)r has at most finitely many preimages, say t1, . . . , tl.
Since X × {1} is irreducibel, we conclude l = 1 and so
X ∼= X × {1} = f(X ′ × {t1}) ∼= X
′ × {t1} ∼= X
′,
which eventually gives the assertion. 
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